Non-axisymmetric shapes of a rotating drop in an immiscible system by Wang, T. G. et al.
Non-axisymmetric shapes  of a  r o t a t i n g  d r o p  i n  a n  i m m i s c ~ b l e  sys t em 
T. G. W a g ,  it. Tagg, L. Camrmack, and A. C r o o n q u i s t  
Jet P r o p u l s i o n  Labora to ry  
C a l i f o r n i a  I n s t i t u t u  o f  Technology 
4b30 Oak Grove Drive  
Pasadena ,  C a l i f o r n i a  91109 
A b s t r a c t  
The non-axisymmetric shapes  o f  a  r o t a t i n g  d r o p  i n  an immisc ib l e  sys t em have  been s t u d i e d .  
Five b a s i c  f a m i l i e s  o f  shapa3  ( a x i s y n m e t r i c ,  two-lobed, t h r e s - l o b e d ,  fou r - lobed ,  2nd 
t o r o i d a l )  have been obse rved .  The sequence  ( ax i symmet r i c  + two-lobed + t h r e e - l o b e d  + 
fou r - lobed  + t o r o i d a l )  seems t o  be  l i n k e d  t o  i n c r e a s i n g  sp in -up  v e l o c i t y .  F o r  t h e  axisym- 
mtric c a s e ,  d i r e c t  compar isons  o f  e x p e r i m e n t s  w i t h  t h e  t h e o r y  o f  a f r e e  r o t a t i n g  d r o p  were 
s u r p r i s i n g l y  good - t h e  e q u a t o r i a l  a r e a  d i f f e r s  from t h e o r y  by o n l y  30%. Fur the rmore ,  t h e  
n o n - a x i s y m e t r i c  shapes  a r e  i n  good q u a l i t a t i v e  agreement  w i t h  t h e  t h e o r y ,  a l t h o u g h  t h e  
t h e o r y  does  n o t  a d d r e s s  t h e  p r e s e n c e  o f  an  o u t e r  f l u i d .  
I n t r o d u c t i o n  
T h i s  pape r  d e s c r i b e s  t h e  i n v e s t i g a t i o n s  o f  t h e  dynamics o f  a  r o t a t i n g  l i q u i d  mass unde r  
t h e  i n f l u e n c e  o f  s u r f a c e  t e n s i o n .  
A l a r g e  ($15-cc) v i s c o u s  l i q u i d  d r o p  is formed a round  a  d i s c  and s h a f t  i n  a  t a n k  c o n t a i n -  
i n g  a  much less v i s c o u s  mix tu re  h a v i n g  t h e  same d e n s i t y  a s  t h e  drop.  T h i s  s u p p o r t i n g  
l i q u i d  and t h e  d rop  a r e  immisc ib l e .  I f  t h e  s h a f t  and d i s c  were  n o t  p r e s e n t ,  t h e  d r o p  would 
f l o a t  f r e e l y  i n  t h e  s u r r o u n d i n g  mediuin and assume t h e  shape  o f  a s 2 h e r e .  d i t h  t h e  d r o p  
a t t a c h e d  and i n i t i a l l y  c e n t e r e d  a b o u t  t h e  d i s c ,  t h e  s h a f t  and d i s c  a r e  set  i n t o  r o t a t i o n  
a lmos t  i m p u l s i v e l y ,  r e a c h i n g  a  f i n a l  s t e a d y  a n g u l a r  v e l o c i t y  w i t h i n  one -ha l f  t o  two r evo lu -  
t i o n s .  The d rop  deforms under  r o t a t i o n  and deve lops  i n t o  a  v a r i e t y  o f  s h a p e s  depending on 
t h e  s h a f t  v e l o c i t y .  The p r o c e s s  o f  s a in -up ,  developtnent,  a n 6  decay ( o r  f r a c t u r e )  t o  some 
f i n a l  shape  was common t o  a l l  runs .  
I n  t h i s  sys tem,  g r a v i t y  is d i m i n i s h e d  a t  t h e  expense  o f  i n t r o d u c i n g  a  s u p a o r t i n g  l i q u i d  
which i s  v i s c o u s  and which may be  e n t r a i n e d  by t h e  n o t i o n  o f  t h e  d r o p ,  t h e r e b y  a l l o w i n g  
a n g u l a r  momentum t o  b e  t r a n s f e r r e d  f rom t h e  d rop .  N e v e r t h e l e s s ,  comparison o f  t h i s  e x p e r i -  
men t ' s  r e s u l t s  t o  t h e  t h e o r y  o f  f r e e  r o t a t i n g  l i q u i d  d r o p  is p t o q t e d  by t h e  f a c t  t h a t  
s e v e r a l  nove l  f a m i l i e s  o f  d rop  s h a p e s  have  been obse rved .  
I t  is i m p o r t a n t  t o  r ecogn ize  t h a t  e x i s r i n g  theo ry  d e a l s  ma in ly  w i t h  e q u i l i b r i u m  s h a s s  
and t h e i r  s t a b i l i t y ,  w h i l e  t h e  d r o p  i n  t h i s  expe r imen t  is unde rgo ing  a  f a r  more compl i ca t ed  
p r o c e s s .  The shape  o f  a  l i q u i d  d r o p  s?un on a  s h a f t  and s u p p o r t e d  by a n o t h e r  l i q u i d  is  
very  auch a dynamical  problem. A p r o p e r  u n d e r s t a n d i n g  o f  t h e  r e s u l t s  w i l l  onl:? come wikh a  
dynamical  a n a l y s i s  which succeeds  i n  e x p l a i n i n g  t h e  growth and decay w i t h  t i m e  o f  t h e  
v a r i o u s  d rop  s h a p s .  
Theory 
The t h e o r y  o f  t h e  e q u i l i b r i u m  s h a p e s  o f  r o t a t i n g  f l u i d s  began w i t h  i n v e s t i g a t i o n s  by 
:Jewton on t h e  shape  o f  t h e  r o t a t i n g  e a r t h ,  and t h r  e x t e n s i v e  t h e o r y  t h a t  ensued  was t h a t  o f  
a  f r e e  f l u i d  h e l d  t o g e t h e r  by s e l f - g r a v i t a t i o n .  An e q u i l i b r i u m  f i g u r e  f o r  r o t a t i n g  l i q u i d  
d r o p  h e l d  t o g e t h e r  b  s u r f a c e  t e n s i o n  was n o t  demons t r a t ed  u n t i l  more t h a n  s e v e n t y  y e a r s  
l a t e r  hen ~ a ~ l e i ~ h ' ' ~  i n v e s t i g a t e d  d r o p l e t s  symmetric a b o u t  t h e  r o t a t i o n  a x i s  (see a l s o  
-*ll72) ) . The s t a b i l i t y  o f  t h e  sim2le ax i symmet r i c  shapes  a w a i t e d  s t u d y  by ChandrasekharR. 
~ w i a t e c k i ( ~ )  f i t s  t h e  problem o f  a  l i q u i d  d r o p  h e l d  t o g e t h e r  by s u r f a c e  t e n s i o n  i n t o  a  
b r o a d e r  scheme i n  which f l u i d  masses may, i n  a d d i t i o n  t o  hav ing  s u r f a c e  t e n s i o n ,  b e  s e l f -  
g r a v i t a t i n g  and /o r  p o s s e s  a  un i fo rm d e n s i t y  o f  e l e c t r i c  cha rge .  The a s t r o p h y s i c a l  2roblem 
o f  t h e  s t a b i l i t y  o f  r o t a t i n g ,  s e l f - g r a v i t a t i n g  s t e l l a r  masses ,  and  t h e  ~ r o b l e m  o f  t h e  
f l  s s i o n a b i l i t y  o f  r o t a t i n g ,  un i fonu ly -cha rged  " l i q u i d  drop"  n u c l e i  i n  n u c l e a r  ~ h y s i c s ,  are 
t h u s  u n i f i e d  w i t h  t h e  ~ r o b l e m  o f  e q u i l i b r i u m  s h a p e s  and  s t a b i l i t y  o f  o r d i n a r y  l i q u i d  d r o p s .  
Conf in ing  d i s c u s s i o n  t o  t h e  c a s e  o f  s u r f a c e  t e n s i o n  f o r c e s  o n l y ,  it it n e c e s s a r y  t o  de- 
f i n e  some o f  t h e  pa rame te r s  used  t o  d e s c r i b e  a  f r e e  l i q u i d  d r o p  i n  s o l i d  body r o t a t i o n .  
The " f r e e "  d r o p  i s  a c t u a l l y  assumed t o  b e  c o n t a i n e d  w i t h i n  a n o t h e r  f l u i d  ( f o r  example ,  an  
a tmosphere  o f  g a s )  which r o t a t e s  a t  t h - .  came a n g u l a r  v e l o c i t y .  The d r o p  h a s  d e n s i t y  p,, and 
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r o t a t e s  w i t h  a r r y ~ l a r  v e l o c i t y  Q. The o u t e r  f l u i d  h a s  d e n s i t y  pp$pD.  The e q u i l i b r i u m  shape 
of t h e  d rop  must s a t i s f y  t h e  equat ior .  1 5 )  
1 2 2 bp0 + T A P  c r l  = o van ,  (1) 
s u b j e c t  t o  t h e  c o n s t r a i n t  t h a t  t h e  drop have a  f i x e d  volume. Apo zPD - PFo is t h e  d i f -  
f e r e n c e  i n  p r e s s u r e s  on t h e  a x i s  o f  r o t a t i o n  i n s i d e  and o u t s i d e  t h e  'drop, A P  = P - p F  
is t h e  d e n s i t y  d i f f e r e n c e ,  r is t h e  r a d i u s  p e r p e n d i c u l a r  t o  t h e  a x i s  o f  r o t a t i o n  a h  
extending t o  t h e  d r o p ' s  s u r f a c e ,  o is t h e  i n t e r f a c i a l  t e n s i o n ,  and n  is ronnal  the surf- 
(-1/2 V - d  is t h e  l o c a l  mean c u r v a t u r e ) .  
If t h e  d e n s i t y  d i f f e r e n c e  Ap is ze ro ,  t h e  e f f e c t  o f  r o t a t i o n  ( i .e . ,  t h e  c e n t r i f u g a l  tern 
(1/2) A p n 2 r I 2 )  is complete ly  removed and t h e  shape s a t i s f y i n g  Equat ion (1) would b e  a per -  
f e c t  sphere .  I n  t h i s  exper iment ,  however, t h e  d r o p  was r o t a t e d  d i f f e r e n t i a l l y  w i t h  r e s p e c t  
t o  t h e  o u t e r  f l u i d ,  g i v i n g  rise t o  t h e  analogous c e n t r i f u g a l  term (1/2)p(ASi)2r12; t h i s  
approach must s u f f e r  t h e  e f f e c t s  o f  v i scous  d rag  and en t ra inment  o f  t h e  o u t e r  f l u i d .  Some 
b a s i s  f o r  comparison wi th  t h e  " f r e e "  drop system is prese rved  by making t h e  o u t e r  f l u i d  two 
o r d e r s  o f  magnitude l e s s  v i scous  than t h e  d r o p , a n e l t h e  e x m r i m e n t a l  t i m e  s h o r t .  ~ h u s ,  a 
minimum amount o f  a n g u l a r  momentum t r a n s f e r s  a c r o s s  t h e  i n t e r f a c e  d u r i n g  t h e  c r i t i c a l  p a r t  
o f  t h e  exper iment .  
Returning t o  t h e  f r e e  drop theory :  ~ r o w n ' ~ )  rewrites E'quation (1) i n  a d imens ion less  
form 
wnere H - 1/2v.n is  t h e  l o c a l  mean c u r v a t u r e ,  a, is t h e  zad ius  o f  a s p h e r e  having t h e  same 
volume a s  t h e  drop,  and the  parameters  Z and K a r e  t h e  r o t a t i o n a l  bond number and dimen- 
s i o n l e s s  r e f e r e n c e .  p r e s s u r e  d e f i n e d  by : 
Tne axisymmetric and non-axisymmetric sequences exc lud ing  t o r o i d a l  shapes  
r e p r e s e n t e d  by a  p l o t  o f  t h e  normal ized e q u a t o r i a l  a r e a  a g a i n s t  Z. iF igure  1 
a l s o  b e  
Figure  1. Calcu la tedEqui l ibr iumShapes  ( f r o m d a t a  r e n o r t e d b  
Brown 1 5 )  , supplemented by ~ h a n d r a s e k h a r (  3 j  i n d  Ross r7) ) . 
E x p e r i n e n t  
The immisc ib l e  t ank  (see F i g u r e  2 )  i n  which t h e  d r o p  is  buoyan t ly  s u p p r t e d  and r o t a t e d  
c o n s i s t s  o f  a  L u c i t e  c y l i n d e r  which i n  t u r n  is c o n t a i n e d  i n  a c u b i c a l  o u t e r  t ank .  Cyl in-  
d r i c a l  symmetry a b o u t  t h e  a x i s  o f  r o t a t i o n  is t h u s  o b t a i n e d  w h i l e  l e n s - l i k e  d i s t o r t i o n  o f  
t h e  d r o p  i n s i d e  t h e  c y l i n d r i c a l  t a n k  is minimized by t h e  p a r a l l e l - s i d e d  geometry o f  t h e  
o u t e r  t a n k  and t h e  w a t e r  c i r c u l a t i n g  between it and t h e  i n n e r  t ank .  
The c i r c u l a t i n g  w a t e r  is pumped i n t o  t h e  sys t em from a c o n s t a n t - t e m p e r a t u r e  b a t h  w i t h  a 
1 5 - l i t e r  c a p a c i t y .  By t h i s  means we a r e  a b l e  t o  c o n t r o l  t h e  t e m p e r a t u r e  o f  the sys t em to  
w i t h i n  . 0 l 0 C  o r  b e t t e r ,  such  c o n t r o l  i s  one  o f  t h e  most  c r i t i c a l  f a c t o r s  i n  t h e  performance  
of t h e  exper iment .  
The f l u i d s  we used i n  t h i s  ex2er i iuent  a r e  s i l i c o n e  o i l  (Dow Corning 200,100 
c e n t i s t o k e )  f o r  t h e  d rop ,  and a  3 t o  1 water /methanol  m i x t u r e  f o r  t h e  h o s t .  The p h y s i c a l  
p r o p e r t i e s  o f  t h e  mix tu re  are h i g h l y  dependen t  on the t empera tu re .  T h e r e f o r e ,  t h e  e q u i l i -  
br ium  siti ions o f  the dro?  a r e  e x t r e m e l y  s e n s i t i v e  t o  t h e  t e m p e r a t u r e  g r a d i e n t  as shown i n  
F i g u r e  3. 
F i ~ u r e  2 .  Immiscib le  System A2para tus  
F i g u r e  3. Tempera ture  P r o f i l e  o f  t h e  N e u t r a l  Buoyancy 
Tank (Heasurernents made by Tom Chuh) . 
The shapes  o f  r o t a t i n g  s p h e r o i d s  and t h e  f l u i d  flows a r e  recorded  on a camera (Mi l l iken  
DBM-55) and d i g i t i z e d  on a Vanguard Motion Analyzer.  The flow v i s u a l i z a t i o n  f o r  i n s i d e  t h e  
drop is accomplished by forming tracer p a r t i c l e s  o u t  o f  t h e  water/methanol mix tu re  o f  d i f -  
f e r e n t  d e n s i t i e s  and v i c e  v e r s a  f o r  flow o u t s i d e  t h e  drop.  
R e s u l t s  and Discussion 
( 7 1 8 )  They a r e  axisymmetr ic ,  two-lobed, Five b d s i c  f a m i l i e s  o f  shapes  a r e  observed.
three- lobed,  four- lobed,  and t o r o i d a l .  Addi t ional ly ,  t h e  o f f - a x i s  s i n g l e  l o b e  is  t h e  f i n a l  
shape f o r  a l l  exper imenta l  runs  excep t  t h o s e  i n  which t h e  d rop  undergoes f r a c t u r e .  These 
snapee a r e  shown i n  F igures  4-10. 
Apart from t h e  axisymmetric shapes  a t  slow r o t a t i o n  r a t e s ,  t h e  th ree - lobed  family  was 
t h e  e a s i e s t  t o  o b t a i n .  Th i s  f a c t  was due i n  p a r t  t o  t h e  p a r t i c u l a r  d rop  volumes and s h a f t  
dimensions used i n  t h i s  experiment.  The ease w i t h  which th ree - lobed  shapes  a r e  genera ted  
is n e v e r t h e l e s s  remarkable;  even i n  an e a r l y ,  ve ry  c r u d e  l / 4 - s c a l e  v e r s i o n  o f  t h e  e x p e r i -  
ment, three- lobed shapes  were r e a d i l y  o b t a i n e d .  
Two-lobed shapes ,  which deve lcp  f o r  s lower  s h a f t  veloci t i , l r  ( < 2  r p s ) ,  may be  h a r d e r  t o  
o b t a i n  because t h e  decay p rocesses  which c a u s e  t h e  drop t o  form i n t o  an asymmetric s i n g l e  
l o b e  may set i n  be fore  t h e  drop can develop symmetric l o b e s .  Four-lobed shapes ,  on t h e  
o t h e r  hand, a r e  o b t a i n e d  a t  g e n e r a l l y  h i g h e r  s h a f t  v e l o c i t i e s  ( s 4  r p s )  t h a n  t h e  th ree - lobed  
shapes ;  when asymmetries develop i n  t h e  drop a t  t h e s e  a n g u l a r  v e l o c i t i e s ,  f r a c t u r e  u s u a l l y  
r e s u l t s .  
During t h e  decay o f  h i g h e r  non-axisymmetric modes, one-lobe s e n e r a l l y  rotates f a s t e r  
than  t n e  o t h e r s ,  e v e n t u a l l y  c a t c h i n g  up and j o i n i n g  w i t h  t h e  l o b e  p reced ing  it. Thus, 
t h r e e  converge i n t o  two and two i n t o  one. Th i s  is n o t  s u r p r i s i n g ;  t h e  mass o f  t h e  drop is 
never  e q u a l l y  d i s t r i b u t e d  among t h e  l o b e s ;  s o  one l o b e  is s m a l l e r  and s u f f e r s  less d r a g  
by t h e  su r round ing  f l u i d .  The p resence  of  d rag  is immediately a p p a r e n t  from t h e  pinwheel 
appearance of  a l l  of  t h e  lobed shapes ,  w i t h  t h e  l o b e s  curv ing  backwards a g a i n s t  t h e  d i r -  
e c t i o n  of r o t a t i o n .  
A f u r t h e r  e f f e c t ,  a t t r i b u t e d  to  t h e  motion of  t h e  o u t e r  f l u i d ,  appears  i n  m n y  runs  i n  
which two- and three- lobed shapes  are produced; i n  t h e  c o u r s e  o f  t h e  d r o p ' s  development,  
t h e  drop rises and becomes s e s s i l e  on t o p  o f  t h e  d i s c  ( i . e . ,  it only c o n t a c t s  t h e  upper 
s u r f a c e  o f  t h e  d i s c  and s h a f t ) .  Three-lobes decay t o  two-lobes which a r e  sessile (F igure  
13)  and o f t e n  p e r s i s t  f o r  many seconds b e f o r e  decaying t o  a s i n g l e  l o b e  ( a l s o  sessile). 
This  r i s i n g  o f  t h e  drop occurs  even when t h e  l e v e l  o f  e x a c t  d e n s i t y  matching is below t h e  
d i s c  by, f o r  example, two c e n t i m e t e r s .  Furthermore,  above a r a t h e r  we l l -de f ined  s h a f t  v e l -  
o c i t y  midway i n  t h e  range o f  v e l o c i t i e s  producing th ree - lobed  shapes ,  a d i f f e r e n t  e f f e c t  
occurs .  The three- lobed drop s t i l l  decays  t o  a two-lobed one b u t  w i t h  one lobe  above t h e  
d i s c  and t h e  o t h e r  below, i . e . ,  t h e  drop is  t i l t e d  (F lgure  1 4 ) .  T h i s  appears  t o  be  a very 
s t a b l e  geometry which can p e r s i s t  f o r  minutes .  
Only a few i n s t a n c e s  of  t h e  t o r o i d a l  shape have been observed w i t h  t h i s  system. Never- 
t h e l e s s ,  s t r i k i n g  examples have been photographed of  t h e  format ion o f  a t o r u s  and i t s  sub- 
sequen t  h i g h l y  symmetric f r a c t u r e  i n t o  t h r e e  o r  f o u r  l a r g e  d rops  and a cor responding  number 
of  small s a t e l l i t e  drops  (F igures  10 through 1 2 ) .  The sequence (axisymmetric - two lobed - 
t h r e e  lobed - f o u r  lobed - t o r o i d a l )  seems t o  be l i n k e d  t o  i n c r e a s i n g  spin-up v e l o c i t y .  
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BUCK AND Wli lTE FHCiOGRAPti  
Figure 4 .  Drop A t  Rest. Note 
i n t e r n a l  t r a c ~  drops and external 
satellite dro?s. 
Figure 5 .  bxisymetric Oblate 
D m > .  ( S h a f t  anqular  velo- 
c i t y  = 3 . 8  ~3s). 
Flqurc? 6 .  A x i s f m t r i x  Biconcave Figure 7. 'I*ro-lobed shape [Shaft 
Drop ( S h a f t  angular velocity = 1.3 rps) angular velocity = 1.8 rps1 . 
dro? is s t i l l  s p i n n i n g  upl 
Fkqure 8. Three-:okd Shapc 
(Shaft angular velocity r 2.0 rps )  
f lgure 10. Torus (Shaft angular 
vc loc i tg  = 4 . 8  rps) 
Figure 9. Four-labed 5 1  ape 
I sha f t  anquLar velocity = 3.6 rps) 
Figure 11. Dreak Up of Torus 
[ S h a f t  1s not rotat~ns) 
f i s u r c  1" nrrak U? of T o r u s  
( S h a f t  1s nc7t rotatinql 
F 1 1  1 ' T l  1 t r d  ~ ~ ~ ~ - t c L C + d  
S~,I!M'  l l k ' r a y  rou t t .  for  tlirtxc- 
lObP~1 st;A;w= K 
( 5 )  ?he compari ons between t h e  shapes  t h a t  we observed and t h e  c a l c u l d t i o n s  by Brown , 
C h a n d r a ~ e k h a r ( ~ ~ ,  and I O S S ( ~ )  a r e  g iven  i n  t h e  fol lowing s e c t i o n .  
A. Axisymmetric shape 
The q u a n t i t i e s  which a r e  determined f o r  t h e  axieymmetric shapes  are a ,  the e q u a t o r i a l  
r a d i u s  o f  t h e  r o t a t i n g  drop,  and a ,  t h e  d r o p ' s  a n g u l a r  v e l o c i t y .  From a t h e  normal ized 
c r o s s - s e c t i o n a l  a r e a  A'  = na2/a i n  c a l c u l a t e d ,  w h i l e  n y i e l d s  t h e  d imens ion lass  parameter  
t ,  p is the d e n s i t y  of t h e  o i l  And a is t h e  i n t e r f ~ c i a l  t e n s i o n  between t h e  o i l  and mixture .  
a ,  i s  computed from t h e  c a l c u l a t e d  d rop  volume. The exper imenta l  a x i s y n a e t r i c  v a l u e r  a r e  
determined from t h e  maximum drop deformat ion f o r  a g iven  r o t a t i o n  v e l o c i t y .  The e x p e r i -  
mental  va lues  a r e  p r e s e n t e d  i n  F igure  16. A s  I: i n c r e a r e s ,  t h e  a x i s y m e t r i c  shapes  become 
l e s s  s t a b l e  wi th  r e s p e c t  t o  t h e  n-1 p e r t u r b a t i o n .  Thus, no r e l i a b l e  d a t a  a r e a v a i l a b l e  be- 
yond t h e  reg ion  where E = 0 . 4 .  
Figure  1 6 .  Experimental  Resu l t s  f o r  Slcwly Rota t ing  Axisylmnetric 
Drops. T h e o r e t i c a l  Curve From Free Drop C a l c u l a t i o n s .  3 ' 5 ' 6  
Figure  1 7 .  Angular Ve loc i ty  D i s t r i b u t i o n  f o r  Three-Lobed Shapr: 
.:Drop 0 . 3 3  rps and = 2 . 7 4  r p s  
Figure 18. F' versus X for a Two-Lobe Run. Figure 19. A' versus C for Three Lobe Run. 
(A' ia the normalized 
equatcrial area and r is pro- 
portional to the square of the 
angular velocity). 
Figure 20. A' versus L for 
a Pour Lobc Kun. 
Figure 21. Angular Homcntum 
versus Time for a Three Lobe 
Run. 
9. Non-axisymmetric shapes  
F i g u r e  17  shows v e l o c i t y - p r o f i l e  d a t a  fo: a th ree - lobed  shape .  The e x i s t e n c e  of s h e a r  3 
close t o  t h e  d i s c  is c l e a r l y  demons t r a t ed .  I t  is a l s o  s e e n ,  t h a t  a t  a p o s i t i o n  away from 
t h e  d i s c  where 90 p e r c e n t  o f  t h e  mass is  l o c a t e d ,  a r e a s o n a b l y  c o n s t a n t  a n g u l a r  v e l o c i t y  
e x i s t s .  I t  i s  t h e  measurement o f  t h i s  v r l o c i t y  which ~ e r v e s  a s  i ;  v a l u e  f o r  d e t e n n l n i n q  L . . 
f o r  a g i v e n  d r o p  shape .  However, t h e  j u ~ t i f i c a t i o n  o f  t h i s  prou3?ure  i s  l i k e l y  to b reak  . i r . 
down d u r i n g  t h e  i n i t i a l  s p i n  up o f  t h e  i r o y .  
' *  F i g u r e s  18-20 show g r a p h s  o f  t h e  r e s u l t s  o f  A/'a,- v e r s u r  :. fr , -  t%t d r o p s  which developer1 1 
t o  two-lobed,  t h r e e - l o b e d ,  and fou r - lobed  s h a p e s .  r .: 
The d i r e c t i o n  i n  which tFle A' v e r s u s  Z g r a p h s  was t r a v e  , . time i s  i n d i c a t e d  on a a c h  t 
graph.  I n  each run ,  t h e  d r o p  remains  a x i s y m e t r i c  f o r  r t . i l  . i o r  to d e v e l o p i n g  i z t ?  l t m  
l obed  shape .  
By l o o k i n g  a t  t h e  A'-versus-2: g r a p h s  o f  t h e  t h r e e -  and f o u r - l o b e d  r u n s ,  it can be  s e e n  
t h a t  t h c  c u r v e s  occupy t h e  same domain. T h i s  f a c t  s u g g e s t s  t h e  p o s s i b i l i t y  t h a t  b i f u r c a t i o n  
o i n t s  f o r  t h e  fou r - lobed  and t h r e e - l o b e d  s h a s s  a r e  c l o s e ,  and t h e  t h r e e - l o b e d  s h a p e  is 
more s t a b l e .  A s  a r e s u l t ,  t h e  t h r e e - l o b e d  shade  o c c u r r e d  srf>re f r e q u e n t l y  t h a n  t h e  f o u r -  
l obed  shape .  P, 
The fou r - lobed  cu rve  o f  A '  v e r s u s  2: h a s  a rebound t h a t  i s  e i t h e r  n o n s x i s t e n t  o r  n o t  a s  , , , . 
profound i n  t h e  t h r e e -  and two-lcbcd runs .  
I n  a l l  r u n s ,  t h e  a n g u l a r  momen* yrl i n c r e a s e s  i n i t i a l l y ,  r e a c h e s  a peak ,  and t h e n  d e c r e a s e s .  
The s h a f t  a n q u l a r  v e l o c i t y  is .I-  l sta ant I n  t h e  c r i t i c a l  r e g i o n ,  b e f o r e  and a f t z r  t h e  l o b e s  
:rave f u l l y  developed.  (See  F:.gure 21) . 
CONCLUSIONS 
Shapes  o f  a r o t a t i n g  s p h e r o i d ,  have been obse rved  and r e c o r d e d  i n  t h i s  expe r imen t .  These  
i n c l u d e  t h e  f l a t t e n i n g  o f  s l o w l y  r o t a t i n g  d r o p s  and t h e  g e n e r a t i o n  of t o r o i d a l  and l o b e d  
shapes  a t  h i g h e r  r o t a t i o n  r a t e s .  Using d a t a  r e c o r d e d  on movie f i l m ,  t h e  development and 
decay o f  t h e  r o t a t i n g  .lhapes were s t u d i e d  f o r  t h e  f i r s t  time. The n e u t r a l l y  buoyant  t r a c e r  
d r o p l e t s  a l lowed  us  t o  s t u d y  t h e  dynamics o f  t h e  behavior, t h e  secondary  f low g e n e r a t e d  by 
t h e  r o t a t i o n ,  t h e  i n t e r a c t i o n  between t h e  d r o p  and t h e  h o s t  l i q u i d ,  and  t h e  c o u p l i n g  between 
t h e  s h a f t  and d i s c  and  t h e  d rop .  
Fo r  s lowly  r o t a t i n g  a x i s y m i i t r i c  d r o p s ,  d i r e c t  compar isons  o f  e x p r i m e n t  w i t h  t h e  t h e o r y  
o f  a f r e e  r o t a t i n g  d rop  were p o s s i b l e .  The agreement  was s u r g r i s i n g l y  good; t h e  q u a l i t a t i v e  
shape  o f  t h e  equatox~al-area-versus-2 c u r v e s  were s i m i l a r ,  o n l y  d i f f e r i n g  front t h e o r y  by 30%. 
T h i s  is remarkable  because  t h e  t h e o r y  does  n o t  a d d r e s s  t h e  p r e s e n c e  o f  an  o u t e r  f l u i d .  The 
g e n e r a t i o n  and s t u d y  o f  ax i symmet r i c  e q u i l i b r i u m  s h a p e s  f o r  h i g h e r  r o t a t i o n  r a t e s  is d i f f i -  
c u l t ,  because  o f  t h e  p r e s e n c e  o f  t h e  more stable o f f - a x i s  s i n g l e  lobed  shape .  T h i s  mech- 
anism, ax i symmet r i c  shapes  decay i n t o  s i n g l e  looed  s n a p ,  2 r o h i b i t e d  us  from e x t r a c t i n g  
from t h e  d a t a  t h e  e x a c t  l o c a t i o n  o f  t h e  b i f u r c a t i o n  p o i n t s  b e t w e n  r a m i l i e s  o f  e q u i l i b r i u m  
shapes .  
When g e n e r a t i n g  n 2 2 l o b e d  d r o p s  i n  a c o n t r o l l e d  manner, p r i m a . i l y  two- and t h r e e - l o b e d  
shapes  were o b t a i n e d .  The l a t t e r  had n o t  been obse rved  b e f o r e .  The s t u d y  o f  e q u i l i b r i u m  
c o n f i g u r a t i o n s  o f  t h e s e  lobed  s h a - x s  is  made a i f f i c u l t  by t h e  2 r e s e n c e  o f  t h e  o u t e r  f l u i d ;  
a s  soon a s  t h e  l o b e s  o c c u r ,  t h e  i n t e r a c t i o n  between t h e  d r o p  and t h e  h o r c  l i q u i d  i n c r e a s e s  
s i g n i f i c a n t l y  and q e n e r a t e s  l a r g e  secondary  f lows . The a c c e l e r a t e d  t r a n s f e r  o f  a n g u l a r  
numenturn from t h e  d r a p  i n  t h e  l o b e d  c o n f i g u r a t i o n s  g i v e s  rise t o  decay r o u t e s  i n  which one  
lobe s l o b s  ar.d i s  abso rbed  by t h e  one t r a i l i n g  it; t h i s  p r o c e s s  c o s ~ t i n u e s  u n t i l  t h e r e  is  
o n l y  an arm l e f t .  There  were two e x c e p t i o n a l  t y p e s  of decay i n  which e i t h e r  t h e  whole d r o p  
would l i f t  up ( i n d e p e n d e n t l y  o f  t h e  n e u t r a l  buoyancy l e v e l )  and become sessile on t h e  d i s c ,  
o r  would form z. s l ~ n t e d  d r o ~ ;  : n  bo th  of t h e s e  t v o  c a s e s ,  t h e  shapes  were  v e r y  s t a b i e  and 
lonq- l ived .  The b e h a v i o r  o f  l o b e d  s h a , x s  was n o t  e a s i l y  compared t o  t h e  f r e e  d r o p  t h e o r y .  
The s t u d y  of t h e  a n g u l a r  v c l o c i t i o s  and  momenta demons t r a t ed  t h a t  t h e  development o f  t h e  
v a r i o u s  lobed  a h c p s  t a k e s  s i m i l a r  p a t h s ,  b u t  no e v i d e n c e  was found f o r  t h e  Loca t ion  o f  
b ranch  p o i n t s  between ax i rymmet r i c  and t r i a x i a l  b e h a v i o r .  
A t  ? resent , ,  no framework e x i s t s  f o r  d c a x i b i n g  the dynanrics o f  a d r o p  r o t a t i n g  i n  an- 
o t h e r  l i q u i d .  I t  is  t h e  a u t h o r s  ' h o p  t h a t  tl\e v a r i o u s  phenomena obse rved  and d e s c r i b e d  
i n  t h e  c o u r s e  o f  this work wrl;  s t z m u l a t e  one .  
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